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To investigate the relationship between solid friction and energy dissipation due to phonon, we developed a
coupled-oscillator surface model that consists of an infinitely large number of bulk atoms in a solid. This
method is formulated using a dynamic lattice Green’s function. A self-consistent scheme used for achieving a
steady state and a fast convolution method that reduces the high computational overhead are also presented.
Furthermore, a methodology to decompose the friction coefficient with the surface phonon modes is obtained.
The energy absorption band corresponding to the wave number of the surface phonon is found. These ap-
proaches clarify the role of the energy-dissipation mechanism in sliding friction. Two-dimensional friction
models in which both surfaces have same lattice constant, i.e., commensurate surfaces, are used to demonstrate
these methods. In the analysis of a friction system between flat surfaces, energy transfer from the kinetic
energy of a sliding solid to low-frequency surface phonons in the counter solid occurs in the presence of bulk
atoms. The energy dissipation into the bulk system leads to friction. We also investigate a friction system
between periodically contacting surfaces. It is found that surface phonons with nonzero wave number act as
channels for energy dissipation and alter the friction profile depending on the size of the contact area. When the
contact size is so large that a sufficient number of the nonzero wave number modes act as the energy-
dissipation channels, the profile of the friction decomposition with the nonzero wave number modes exhibits
good agreement with that estimated by a simple continuum model.
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I. INTRODUCTION

Technologies to control friction are essential requirements
in order to solve environmental issues and realize a zero-
emission society by reducing energy consumption. In the
past, the technical improvements have been done by using
knowledge obtained from elastic-contact theory, hydrody-
namics, and chemical analysis.1–3 For example, the theory of
hydrodynamic lubrication based on the Reynolds equation
enables one to expect friction properties in the range of hy-
drodynamic lubrication.4,5 Furthermore, recent developments
of contact theory between solids provide qualitative explana-
tions of solid friction behavior.2,3,6–12 However, some impor-
tant issues such as expectation of friction coefficient in
ranges of boundary and mixed lubrication involving solid
contact have not been clarified yet.

One of the main difficulties in solid friction stems from
the fact that the friction is affected by various scale pro-
cesses: atomic-scale process such as collision of surface at-
oms and chemical reactions, and macroscale ones such as
plastic deformation and production of wear debris.2,13,14 An-
other reason is the fact that friction is a dynamic phenom-
enon. Because in situ observation of a rubbing interface is
extremely difficult, we must rely on measurements of a
rubbed surface after sliding. Additionally, the construction of
a theory to treat dynamical phenomena emerging during en-
ergy dissipation, namely, nonequilibrium steady states, still
remains a major challenge in the sphere of theoretical
physics15

However, recent analysis techniques, e.g., atomic force
microscopy,16 and simulation methods such as molecular-
dynamics �MD�,17–28 and electronic state calculations29 have
been employed to investigate the microscopic elementary

processes that could not be studied previously; they have
greatly contributed toward gaining basic understanding of
solid friction13,14 The two constituent factors of solid friction
can be categorized as follows: �a� interface phenomena: sur-
face electronic state, adsorbate, lubricant molecule, plastic
deformation, adhesion, wear, etc. �b� Energy dissipation
mechanism of a solid: excitations of phonon �general solids�
and electron �mainly metals�.

Because contact areas during friction can be intense reac-
tion fields due to the high local pressure and shear stress,
many studies have focused on the relationship between the
interface phenomena and the friction. On the other hand, the
energy dissipation mechanism of a solid depends on the bulk
property. The kinetic energy of a sliding solid triggers the
interface phenomena that induce excitations of the inner de-
grees of freedom of a solid; in the case of a phonon, for
instance, lattice vibrations �phonons� are excited. The excited
phonons propagate into an inner solid and convert into ther-
mal energy, and thus, they never return to the surface unless
impurities exist in the solid. The irreversible processes lead
to energy loss, i.e., friction. Therefore, the study of friction
should be addressed in detail from the viewpoint of the en-
ergy dissipation mechanism of a solid as well as the interface
phenomena. However, owing to the difficulty of dealing with
such a highly nonequilibrium phenomenon, the relationship
between the friction and the energy dissipation mechanism
has not yet been clarified well. Our work focuses on the
energy dissipation due to a phonon because it plays the role
in general solids.

One of the solutions for depicting the energy dissipation
mechanism of a solid is to include infinitely large bulk atoms
of a solid. Suppose that in a finite-sized solid an impinged
surface phonon reaches the bottom of the solid and reflects to
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the surface; this cannot be irreversible process. If we can
project degrees of freedom of infinitely large atoms into the
coordinates of the surface atoms, the surface atoms are
damped by a damping kernel that represents phonon energy
dissipation without reflection; this projection directly yields
the framework of the generalized Langevin equation.30,31

Zwanzig32 first used the projection in a one-dimensional har-
monic chain model to analyze gas collision on a solid sur-
face. In order to include the temperature effect, Adelman and
Doll33,34 generalized the formulation within the generalized
Langevin approach and showed that the damping kernel can
be connected to the lattice Green’s function �LGF� that ex-
presses the response of a system with external force.35,36

Some extensions of this approach have been done for the
purpose of developing multiscale strategies that couple to-
gether atomistic and continuum numerical methods.37–41

In keeping with the trend of the LGF method, Campañá
and Müser42 developed an MD simulation method based on
static LGF of elastic semi-infinite solids for the static and
quasistatic friction analysis. For the dynamic system,
Sokoloff43,44 first investigated the kinetic friction in a one-
dimensional chain system by applying perturbation theory to
dynamic LGF. Recently, Braun et al.45 constructed the non-
perturbative dynamic LGF of the same system in the Fourier-
frequency space in order to study the transition of stick-slip
motion.45 Their approach, however, considers the atomic co-
ordinates only in the one-dimensional direction: sliding di-
rection. In our previous work,46 we formulated the dynamic
LGF of the one-dimensional chain system in real-time space
extending two-directional degrees of freedom: sliding and
surface normal directions. This extension enables us to ob-
tain the kinetic friction coefficient because the normal pres-
sure can be defined explicitly. We revealed a significant de-
pendence of the friction coefficient on the properties of the
inner bulk atoms.

To the best of our knowledge, despite its potential effec-
tiveness for various physical phenomena, there are few
works using the semi-infinite dynamic LGF �SI-DLGF� other
than a simple system such as a one-dimensional harmonic
chain. One of the impediments in its use is that deriving
analytical solutions of the SI-DLGF above one-dimensional
system is difficult although some numerical approaches for
tackling this problem have recently been reported.38–41 An-
other difficulty is the computational costs. It is well known
that the ordinary numerical treatment for the convolution that
appears in the SI-DLGF formalism has a high computational
cost because the calculation requires the past history of the
phenomenon.

In this work, we propose the SI-DLGF for a harmonic
two-dimensional square lattice system, which is derived ana-
lytically. This formulation easily extends to the three-
dimensional cubic one. The advantage is that this method
treats the infinitely large number of solid atoms that cannot
be treated by conventional MD simulations. Furthermore, us-
ing the analyticity of the SI-DLGF, we introduce a fast con-
volution method47–50 that reduces the high computational
costs dramatically. These findings enable the SI-DLGF
method to be applied to a large and general system. We also
present a method for the decomposition of the friction coef-
ficient in wave numbers and frequencies of surface phonon

modes. The method tells us the contribution of each surface
phonon mode to the total friction coefficient; it is useful to
analyze the solid friction in terms of the dynamics of surface
atoms. The SI-DLGF and the friction decomposition meth-
ods will be demonstrated using simple two-dimensional fric-
tion systems in which both surfaces have same lattice con-
stant, commensurate surfaces in other words. Although the
commensurate systems artificially enhance elastic instability
that does not make such a large contribution to realistic
friction,21–24,51,52 we intentionally use the systems for the
purpose of a fundamental study of the phonon dissipation in
the solid friction.

In these methods, we assume that the intrabonds in a solid
are replaced with springs connected to the nearest-neighbor
atoms. The effect of anharmonicity cannot be included. Fur-
thermore, the methods are restricted to the square and cubic
structures and single constitution of atomic elements. There-
fore, our methods should be used to acquire a basic under-
standing of the role of the energy-dissipation mechanism due
to phonons in solid friction, rather than a quantitative analy-
sis that can be carried out by atomic-scale simulations such
as MD and electronic state calculation.

This paper is organized as follows. Section II provides
theoretical descriptions of the SI-DLGF, the fast convolution,
and the friction decomposition method, and the computa-
tional details are shown in Sec. III. The SI-DLGF results of
two simple friction systems are presented in Sec. IV. One
analysis is performed in a friction system between flat sur-
faces, which completes our previous study of the same
system.46 Another analysis is performed using a system that
contains periodic contact areas. Through these results, we
discuss the relationship between surface dynamics and solid
friction. Section V provides the summary and conclusion.

II. FORMULATION

We present descriptions of the theoretical approach. Al-
though the formulation is provided for a two-dimensional
square lattice, all the methodologies in this section can be
extended to a three-dimensional cubic lattice through a simi-
lar procedure.

A. Surface lattice model

We consider a two-dimensional square lattice in which N
and N� atomic layers align in the surface normal direction �z�
and lateral direction �x�, respectively. The bottom layer con-
nects to a rigid body. Applied periodic boundary condition in
the x direction, the lattice forms a surface. We assume that
bonds between atoms in the solid are replaced with springs
and only the surface atomic layer is subjected to external
force. We denote the x and z displacements of an atom by u,
and the equation of motion of the lattice is then given by

mü�,� + Ku�2u�,� − �
��

u�,�+�� − ��,1u�,1�
+ Ku��2u�,� − �

��

u�+��,�� = ��,1F�
u , �1�

where atomic labels � and � are �=1,2 , . . . ,N� and �

KAJITA, WASHIZU, AND OHMORI PHYSICAL REVIEW B 82, 115424 �2010�

115424-2



=1,2 , . . . ,N, respectively. �=1 represents a surface atomic
layer and �=N is a bottom atomic layer connected to a rigid
body. � and � denote the Kronecker delta and nearest-
neighbor atomic label, respectively. m and F are an atomic
mass and external interaction force. Although the interaction
force is a function of time t and atomic positions r�t�, we

denote it by simply F�t� as long as no ambiguity arises. Ku
� ��

is a spring constant of a bond between atoms labeled by the
neighboring ����. Owing to the periodic boundary condition
in the x direction, u satisfies u�,�=u�+N�,�.

We rewrite Eq. �1� in the tensor expression as

� d2

dt2 + D̂ + D�ˆ ��
u1

u2

]

u�

]

uN

� =�
Fu/m

0

]

]

]

0

� , �2�

u� = �u1,�,u2,�, . . . ,u�,�, . . . ,uN�,�� ,

where D̂ and D̂� represent the elastic force between atoms
corresponding to the second and third term on the left-hand

side in Eq. �1�, respectively. We use the accented mark ˆ to
indicate the fourth rank tensor of N�N�N��N� in the fol-
lowing.

B. Semi-infinite dynamic lattice Green’s function

The Green’s function of Eq. �2� satisfies the following
equation:

� d2

dt2 + D̂ + D̂��Ĝ�t� = Î��t� ,

Ĝ�t = 0� =
d

dt
Ĝ�t = 0� = 0,

where Î is a unit tensor. By Laplace transformation, we ob-
tain

�z̄2 + D̂ + D̂��Ĝ�z̄� = Î , �3�

where z̄ is a complex coordinate. Then, we operate diagonal

matrices ÛD and ÛD� for D̂ and D̂� on Eq. �3�. Using the

facts that ÛD and ÛD� commute and that their tensor ele-

ments are U�,�,l,j
D =��,lU�,j

D and U�,�,l,j
D� =��,jU�,l

D�, we obtain

�ÛDÛD�Ĝ�z̄�	�,�,l,j =
U�,j

D U�,l
D�

z̄2 + �� j
D�2 + ��l

D��2
, �4�

where �� j
D�2 and ��l

D��2 are the eigenvalues of D̂ and D̂�,

respectively. Then, we operate �ÛD�−1 and �ÛD��−1 and per-

form the inverse Laplace transform. Note that ÛD and ÛD�

are unitary matrices. Here, we treat the time derivative of Ĝ

rather than Ĝ itself for the sake of convenience in the fol-

lowing formulations. The matrix element of ĝ=d /dtĜ in t
�0 is given by

g�,��,�,���t� = �
j,l

U�,j
D U��,j

D U�,l
D�U��,l

D� cos�
�� j
D�2 + ��l

D��2t� .

�5�

� j
D , �l

D� , Uj
D, and U�,l

D� can be written as

� j
D = 	 sin 
 j, �l

D� = 	� sin Al/2,

U�,j
D = �sin 2�
 j − sin 2�� − 1�
 j�/�
2N + 1 sin 
 j� ,

U�,l
D� = �cos Al�� − 1� + sin Al�� − 1��/
N�,

where 
 j =��j−1 /2� / �2N+1� , 	� ��=2
Ku
� �� /m, and A

=2� /N�. j=1,2 , . . . ,N, and l=0, �1, �2, . . . , � �N� /2
−1� ,N� /2 in the case of even N� and l
=0, �1, �2, . . . , � �N�−1� /2 in the case of odd N�. Be-
cause the interaction force affects only the surface atomic
layer �=1, the tensor element of ĝ that we need to consider is
��=1. Furthermore, it is sufficient to know the motion of the
surface atomic layer for the purpose of the friction analysis;
thus, we only consider g�,��,�=1,��=1 hereafter, omitting the
indices � and �� for the sake of simplicity. Substituting the
above-mentioned eigenvalues and matrix elements into Eq.
�5� gives

g�,���t� =
1

N�
�

l

cos Al�� − ���sl�t� , �6�

sl�t� = �
j

4

2N + 1
cos2 
 j cos�	
sin2 
 j + l

2t� ,

where l=
Ku� /Ku sin Al /2. In the limit of infinite N, we can
convert the summation of sl into an integral changing vari-
able 
 j→
 and derive

sl�t� =
4

�


0

�/2

cos2 
 cos�	
sin2 
 + l
2t�d
 . �7�

By the Green’s function, the formal solutions of the ve-
locities of the surface atoms can be formulated as

u̇��t� = u̇0�t� + �
��=1

N� 
0

t

g�,���t − t��F��
u �t��/mdt�, �8�

where u̇0 is the solution under an initial condition in which
the lattice distorts uniformly without any external force. This
solution is necessary to obtain the steady state of the friction
system; we will discuss about it in the next subsection. Al-
though Eq. �8� is the basic equation, it requires N�2 number
of convolutions if we use Eq. �8� itself for the simulations.
For the sake of reduction of the number of convolution to be
N�, we rewrite the solution substituting Eq. �6� into Eq. �8�
as
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u̇��t� = u̇0�t� + �
l


0

t

sl�t − t���Fl
uc�t��cos Al�

+ Fl
us�t��sin Al��dt�/m , �9�

where Fl
uc=���F��

u /N� cos Al�� and Fl
us=���F��

u /
N� sin Al��. The meaning of sl becomes clear by the discrete

Fourier transformation of u̇�: u̇l=1 /N���=1
N� exp�iAl��u̇�.

Equation �9� transforms into

u̇l�t� = �l,0u̇0�t� + 
0

t

sl�t − t��Fl
u�t��dt�/m , �10�

where

Fl
u =

1

N�
�
�=1

N�

exp�iAl��F�
u . �11�

Namely, sl represents the SI-DLGF in the wave number l
space of the surface lateral direction.

The remaining task is to obtain specific values of sl. In the
case of l=0, Eq. �7� can be solved as �see Appendix A�

s0�t� = 2J1�	t�/�	t� , �12�

where Jn is the first-kind Bessel function of order n. The
profile of s0 is shown in Fig. 1 �dashed line�. On the other
hand, sl�0 is not expressed explicitly but is formulated by the
integral expression in Eq. �7�. It should be noted that we
must not operate the integral numerically. Let us recall that
the integral is originally derived from the conversion of the
summation of j in the limit of infinite N. Thus, when the
integral is performed by the finite difference method, it
amounts to calculating sl of the finite bulk system corre-
sponding to the partition number of the 
 integral. Figure 1
�white circles� shows the result of sl obtained using the finite
difference method. sl decreases with time. This indicates that
the response of an atom with an applied force decays; in
other words, a surface phonon excited by an external force
diminishes because of the propagation of the wave over the
bulk atoms. However, at t�35, sl recovers significant ampli-
tude. This is attributed to the recurrence of a vibration wave
that reflects at the bottom of the lattice.

The easiest way to prevent the recurrence of the vibration
wave is to take a sufficiently large value of partition number
of the 
 integral so that the vibration wave does not return in
the simulation time. However, the time required for ordinary
friction simulations is generally quite long ��100 ps� with
respect to the time scale of sl. Thus, the numerical integration
with such a large partition number would become impos-
sible. More critically, this procedure does not adhere to the
theoretical framework for the semi-infinite lattice system.

Therefore, in order to involve the infinite bulk atoms, we
have to perform the integral in Eq. �7� analytically. Although
we could not find the solution of the integral over whole
values of t, we found that the integral can be solved in a
large t limit and the asymptotic solution of sl is obtained. The
detailed derivation appears in Appendix A. The asymptotic
solution s̃l is derived as

s̃l�t� = − 2lJ1�	lt� . �13�

Figure 1 �solid line� shows the profile of s̃l; it decreases with
time without the reflection of vibration even in the region of
t�35. In the small t region, it is seen that s̃l immediately
converges with the numerically obtained sl profile. The good
convergence performance of the asymptotic solution is at-
tributed to the fact that the asymptotic condition
�0

ydyJ1�y� /y→1 �see Appendix A�, where y=	t /2, is well
satisfied even at a relatively small t region, because the inte-
grand J1�y� /y decays relatively fast as t−3/2.

We offer a strategy to construct sl. First, set the value of tc
such that the asymptotic solution s̃l becomes nearly equal to
sl, which is obtained from Eq. �7� by the numerical method
with enough partition number such that the reflection of vi-
bration at tc does not occur. Then, the numerically obtained sl
is used in t� tc and the asymptotic solution is set in t� tc.

C. Self-consistent scheme to achieve a steady state

We introduced u̇0, the solution of Eq. �2� for F=0, under
the initial condition in which a uniform distortion is imposed
on all atoms in the lattice. The solution is required for
achieving a steady state for the infinite N lattice system, be-
cause the elastic force of the infinite lattice vanishes in terms
of scaling arguments.46,53 Let us illustrate this fact with the
following example.

If all atoms are assumed to have no distortions and are at
rest as an initial condition, u0�t� and u̇0�t� are zero. Even
under the initial condition, in a finite N lattice system, the
lattice distorts due to friction and normal forces and the elas-
tic forces of the distortions balance the forces after a certain
time period; then, a steady state is achieved. On the other
hand, in the case of an infinite N system, it is impossible to
attain distortions that balance the friction and normal forces
because it takes infinite time to distort the infinite bulk at-
oms. This fact indicates that we cannot achieve a steady state
for the infinite N system if we simply employ the u0�t�
= u̇0�t�=0 solutions.

The problem specific to the infinite N system can be over-
come by the initial state providing a uniform distortion over
the infinite N atomic layers in advance. Then, the initial dis-
tortion is chosen to balance the friction force at the steady

-0.8
-0.6
-0.4
-0.2
0

0.2
0.4
0.6
0.8
1

0 5 10 15 20 25 30 35 40 45
Time

s l

FIG. 1. Profiles of the SI-DLG F. White circles, solid line, and
dashed line indicate sl obtained by the numerical 
 integration in
Eq. �7�, the asymptotic solution s̃l �Eq. �13�	, and s0 �Eq. �12�	. 	
=2, l=0.5, and the partition number of the 
 integral is 13.
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state. Here we derive u̇0 that satisfies the initial condition.
Because the uniform distortions over all the atoms are

considered, the elastic-force term resulting from the displace-
ment between atoms labeled by � vanishes. This model is
equivalent to a one-dimensional chain system. Thus, with the
index � being omitted, the motion equation of the finite N
system is written as

ü�
0 +

Ku

m �2u�
0 − �

��

u�+��
0 − ��,1u1

0� = 0,

u�
0�t = 0� = Au�N − � + 1�, u̇�

0�t = 0� = 0,

where Au denotes a constant displacement between adjacent
atoms; i.e., u�

0�t=0�−u�+1
0 �t=0�=Au. Multiplying by U�,j

D and
denoting ũj

0=��U�,j
D u�

0, we obtain

� d2

dt2 + �� j
D�2�ũj

0 = 0.

This equation can be solved as ũj
0�t�=cj cos � j

Dt. The unde-
termined coefficient cj is derived from the initial condition as

cj = Au�
�=1

N

�N − � + 1�U�,j
D =

Au

2
2N + 1

cos 
 j

sin2 
 j

and u�
0�t� is expressed as

u�
0�t� = �

j=1

N

U�,j
D cj cos � j

Dt .

In the same manner as that in the last subsection, we only
consider �=1, and omit the index. Taking the limit of infinite
N, the time derivative of u0 can be derived as

u̇0�t� =
− Au	

2 �J1�	t� + 	
0

t

J2�	t�dt� , �14�

where integral expressions of the Bessel functions were used.
Let us emphasize that Au are important parameters be-

cause they control the force balances of the system along the
x and z directions in the steady state. In the z direction, the
parameter Az gives a compression along the surface normal
direction over an infinitely large bulk system. One can deter-

mine an averaged normal force per atom F̄z in a given fric-

tion system by choosing Az= F̄z /Kz. The parameter Ax, in
turn, represents the distortion along the shear direction, and it
is not decided a priori like Az. Next, we present a scheme to
obtain Ax

� that achieves a steady state. Because �ẋ��t is zero at
the steady state, we can derive the condition of Ax

� using Eqs.
�7�, �9�, and �14�

Ax
� =

1

Kx
��

�=1

N�

F�
x ��r��,t�/N��

t

, �15�

where ��t denotes a long-time-averaged operation and �r��
represents a set of atomic coordinates of the surface atoms.

The specific steps for achieving a steady state in the SI-
DLGF method are as follows. �i� Set a sliding velocity, Az
that determines the normal pressure, and an arbitrary value of

Ax. Then, calculate the time evolution of the surface atoms
by Eq. �9�. �ii� Insert the calculated �r�� into the right-hand
side of Eq. �15�. The obtained value is denoted by Ax�. �iii� If
��Ax�−Ax� /Ax�=�Ax��, it is judged that Ax used in the cal-
culation does not give the steady state, where � is a small
value. Then, replace �Ax�+ �1−��Ax→Ax and return to step
�i�, where 0���1. If �Ax��, it is judged that Ax=Ax

� and
the steady state is realized.

This scheme is a self-consistent calculation for finding Ax
�.

Owing to the iteration of steps �i�–�iii�, we can achieve a
steady state for the infinite N friction system and obtain the
friction coefficient.

D. Fast convolution method

Equation �9� involves a convolution of sl with a force. It is
known that a classical method for computing the convolution
over Nt time steps requires a large memory space O�Nt� to
store a force history and O�Nt

2� operations. The high compu-
tational costs impede numerical simulations employing the
Green’s function approach. In actual simulations, the trunca-
tion of time history in the convolution integral is often used.
This truncation is applicable if the Green’s function, i.e., the
response kernel, decreases rapidly with time. In our case, s0
decays as t−3/2 whereas sl�0 has a long tail as t−1/2. It appears
to be necessary to integrate over a long past history in order
to maintain the accuracy of the calculations. The fast convo-
lution algorithm using the inverse Laplace transform, called
modified Talbot’s method, can be a powerful tool in our ap-
proach to reduce the computational costs. We present a brief
description of this method in the use of our method; the
complete description is available in literature.47–50

Using the asymptotic solution s̃l described in Eq. �13�, the
convolution can be separated at time point tc that one
chooses so as to suitably converge s̃l with sl. This convolu-
tion is approximated when t� tc as


t−tc

t

�sl�t − t��F�t��dt� + 
0

t

s̃l�t − t��F�t��dt�, �16�

where F is an arbitrary force function and �sl=sl− s̃l. The
first term does not have a high computational cost even if we
use an ordinal numerical method because s̃l converges to sl
with relatively small tc. Most of the computational cost arises
from the second term because it contains the entire past his-
tory of the phenomenon.

In the fast convolution method, the analytical form of the
Laplace transform of the kernel is required. We obtained s̃l
explicitly and its Laplace formation can be written as

s̃l�z̄� = − 2

z̄2 + �	l�2 − z̄

	
z̄2 + �	l�2
,

where z̄ is a complex coordinate. Then, the time region of the
convolution of the second term in Eq. �16� is decomposed.
We consider P as the smallest integer for which t�2BPh,
where the base B�1 is an integer, and determine the integer
qp such that �p=qpBlh satisfies
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t − �p � �Bph,�2Bp − 1�h	, p = 1, . . . ,P − 1,

where h is an interval of a time step. We set t=�0��1��2
� ¯ ��P=0. With a series of �p, the second term of Eq.
�16� can be split as


0

t

s̃l�t − t��F�t��dt� = �
p=1

P 
�p

�p−1

s̃l�t − ��F���d� .

Using the inverse Laplace transform, ��p

�p−1s̃l�t−��F���d� can
be written as

L−1� s̃l�z̄�
�p

�p−1

exp�− z̄��F���d�� , �17�

where L−1 is the operator of the inverse Laplace transform. It
is known that the time integral in Eq. �17� can be calculated
using the knowledge of F��� and F��−h� recursively:47,50

thus, we do not have to track the entire history of the force.
The main difficulty in Eq. �17� arises from the numerical

integration for the inverse Laplace transform. The integration
over Im z̄=−� to � causes the oscillation of the exponential
exp�z̄t�. In the modified Talbot’s method,47,48,50 the difficulty
is solved by replacing the integral line along the complex
axis vertically with an integral contour: its start and end
points are set at Re z̄=−� and the path runs around the sin-
gularities of the kernel in a counterclockwise direction. In
this manner, the exponential rapidly decays along the contour
when we use the finite-difference method on the contour. The
choice of the shape of the contour has been determined on
the each time region ��p ,�p−1	 experimentally by minimizing
the error of the inverse Laplace transform.47 By using the
fast convolution method, the computational costs of the con-
volution of the second term in Eq. �16� can be significantly
reduced: O�logB Nt� memory requirement and O�Nt logB Nt�
operations.

E. Friction decomposition with surface phonon modes

Because energy loss accompanies the energy transforma-
tion of the kinetic energy of a sliding solid into the vibration
energy of the surface atoms, it is expected that the contribu-
tion of the surface phonon to the energy loss generally de-
pends on the phonon modes. Braun et al.45 proposed a
method to decompose friction into the contributions of the
frequency modes in the semi-infinite one-dimensional chain
system. Here, we extend their method of the friction decom-
position to the semi-infinite surface system.

Suppose that a body on a surface is sliding at velocity V
under normal load FP. For the sake of conciseness in the
following discussion, we assumed that the upper body is
rigid and only the lower body is responsible for the energy
dissipation. This restriction does not change the following
discussion essentially and it can be easily removed. The fric-
tion coefficient � has a thermodynamic relationship with the
energy loss rate per unit time J as2

� =
J

FPV
. �18�

From the microscopic view points, the energy loss rate can
be defined by denoting the velocity of a surface atom u̇ in the
lower body and force imposed on the surface atoms from the
upper body F as

J �� dE

dt
�

t
=��

�=1

N�

F� · u̇��
t

, �19�

where N� indicates the number of surface atoms in the lower
body. If there is no viscous resistance due to the atmosphere
and fluid around the sliding body, energy loss occurs solely
at the interface; thus, the quantities J in Eqs. �18� and �19�
are equal. There are two way for defining the kinetic friction
coefficient: one is the division of friction force by the normal
load and another is the thermodynamic definition in Eq. �18�.
Of course, the values of the friction coefficient from both
definitions are the same. However, through Eqs. �18� and
�19� using the SI-DLGF, the friction coefficient can be de-
composed into the contributions of surface phonon modes
and we can extract effective information about the relevance
of the dynamics of surface atoms to friction.

For the following procedure, it is convenient to use the
discrete Fourier transformed formulation. From the expres-
sion in the wave number l space, Eq. �19� can be written as

J/N� = ��
l

Fl
� · u̇l�

t

, �20�

where � indicates a complex conjugate. Then, substituting
Eqs. �10� and �11� into Eq. �20� and denoting Ju as the energy
dissipation components of vibrations in the x and z direc-
tions, we can obtain

Ju/N� = �u̇0�tF̄
u +

1

m
�

l

�Fl
u�0��2Re sl�0�

+
1

2m
�

l
�
n=1

�

�Fl
u��n��2Re sl��n� ,

where F̄u is the averaged force per surface atom. Fl
u��n� is a

complex Fourier coefficient of Fl
u�t� with a time period of T

Fl
u��n = 0� =

1

T


−T/2

T/2

Fl
u�t�dt ,

Fl
u��n � 0� =

2

T


−T/2

T/2

exp�i�nt�Fl
u�t�dt ,

where the vibration frequency �n=2�n /T , �n=1,2 , . . .�.
sl��� is the Fourier-Laplace transformed form of sl�t� and it
is given by

sl��� = 
0

�

exp�− i�t�sl�t�dt . �21�
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As shown in Appendix B, sl��� can be derived analyti-
cally. In the case of l

2� �� /	�2�l
2+1, the calculation

yields

Re sl��� =
2�

	2
 1

��/	�2 − l
2 − 1 �22�

otherwise Re sl���=0. Using this fact and �u̇0�t=−2F̄u /
�	m� in the steady state, which is derived by Eqs. �14� and
�15�, we obtain

Ju/N� =
1

2m
�

l
�
n=1

�

�Fl��n��2Re sl��n� . �23�

Substituting Eq. �23� into Eq. �18�, we can obtain

� = �
u=x,z

�
l

�
n=1

�

��u,l,�n� ,

��u,l,�n� =
1

2mF̄zV
�Fl��n��2Re sl��n� , �24�

where F̄z=FP /N� is the averaged normal force per surface
atom. As can be seen in Eq. �24�, the friction coefficient is
decomposed by the surface phonon modes �u , l ,�n�. The in-
dex u indicates the contributions of the vibrations in the x
and z directions: the transverse and longitudinal wave modes.

We note two interesting points from the above results. As
seen in Eq. �24�, the friction coefficient is written by the sum
of the multiplications of the mode components of the surface
interaction force �Fl

u��n��2 and the real part of the SI-DLGF
sl���. Because the SI-DLGF depicts the response of a solid
considering the infinitely large bulk atoms, the friction coef-
ficient is expressed separately as surface interaction
�energy dissipation property of a solid in the mathematical
form �rigorously, the surface interaction depends on the vari-
able positions of the surface atoms, and thus, they are not
completely independent�. Thus, we recognize the need to
treat not only the surface characters but also the mechanism
of energy dissipation reflecting the bulk properties for the
sliding friction, as mentioned in Sec. I.

Another important point is the energy absorption band
corresponding to the wave number l mode. The real parts of
sl are plotted in Fig. 2. Re s0 holds finite values in the fre-
quency range from 0 to 	. In the case of the l�0 mode,
Re sl��� has finite values only in the range of l

2� �� /	�2

�l
2+1. There exists a frequency band of energy absorption

corresponding to wave number mode l and it does not absorb
force components of frequencies that are not within the fre-
quency band. We can also see a large peak around the low-
frequency band edge �=	�l�; it is attributed to vibration
resonance. In other words, the l mode absorbs considerable
energy from the force component corresponding to the reso-
nant frequency.

III. COMPUTATIONAL DETAILS

We demonstrate the SI-DLGF method and the friction de-
composition for two simple systems of solid friction: one is

the friction between flat surfaces and the other is the friction
between periodically contacting surfaces. Both are two-
dimensional systems, and the upper and lower surfaces have
an identical lattice constant.

We perform all simulations with the bulk parameters as
those of diamond. The spring constants of diamond are esti-
mated to be Kx=Kz�=0.1 and Kz=Kx�=0.15 a.u. using elec-
tronic state calculations based on the density-functional
theory �DFT� employing the computational code Tokyo ab
initio program package �TAPP�.54 The lattice distance is �
=2.88 Bohr and the mass is set to that of a carbon atom.
Because this study does not focus on specific features of the
interaction force between surfaces, we use a simple but un-
realistic force function. We employ the same soft-core poten-
tial as that used in our previous work,46 in which an attrac-
tive potential is neglected as a first approximation. The cut-
off radius of the potential is equivalent to the carbon
diameter and the repulsion term is determined by fitting an
sp3 C-C bond repulsion caused by compressing the bond
length, which is obtained by the DFT calculations. The spe-
cific force function is

F�
u = 0.1�

a
�� �

ra
�6

− 1�u� − ua

ra
H�� − ra� ,

where the index a represents the upper surface atoms and ra
is the distance between the upper and lower surface atoms. H
is the Heaviside step function.

The time evolution of the atoms is obtained by the fourth-
order Runge-Kutta method with an interval of a time step of
0.1 fs. The friction coefficient is calculated by dividing the
time-averaged friction force by the normal force. The friction
decomposition is performed in accordance with Eq. �24�
through the Fourier transformation of the force trajectories.

In the SI-DLGF method, we set tc=2.8 ps, base number
of the fast convolution B=10, and number of points on Tal-
bot’s integral contour as 21. We confirmed that these param-
eters ensure reliable calculations. For a self-consistent
scheme for a steady state, the efficient convergence of Ax

� is
achieved by the time interval of each iteration set at � /V,
where V is the sliding velocity. The mixing parameter is �

0
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FIG. 2. Real parts of sl��n�. Solid and dashed lines indicate
Re s0 and Re sl at l=1.0, respectively. Both lines are obtained with
	=1.0.
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=0.5. The iterations are performed until the error of the fric-
tion coefficient from the previous iteration is less than 1%.

The SI-DLGF method can couple with the direct calcula-
tion of the motion equation because it is originally based on
the motion equation. We arrange one diamond-atomic layer
connected to a layer described by the SI-DLGF method; in
other words, the coupled motion equation is

mü�
ar + Ku�u�

ar − u�� + Ku��2u�
ar − �

��

u�+��
ar � = F�

u ,

where uar indicates the displacement of the arranged
diamond-atomic layer. The counter reaction force of the elas-
ticity Ku�u�

ar−u�� is substituted into the force term in Eq. �9�.
The arranged layer, in turn, behaves as the surface atomic
layer of the semi-infinite lattice system. Although the ar-
rangement appears to be less meaningful for describing the
semi-infinite system, it is numerically advantageous. The ar-
ranged layer corrects slight disagreements in the atomic dis-
placements u� that arise from the numerical error of the con-
volution in the SI-DLGF method.

Seeing friction dependence on the bulk layers clearly, we
also perform calculations using a finite-slab surface model
that consists of N atomic layers aligned in the z direction and
introduce a velocity-proportional damping term. The artifi-
cial damping term should be determined so as to suitably
reproduce the energy decay of a surface atom. We choose the
damping term as 
Kumu̇� / �N+1−��, and add it to the left-
hand side of Eq. �1�. The detailed derivation of the damping
term is described in Appendix C. It is known that this way of
introducing the damping terms, which act strongly on deeper
bulk atoms, can prevent vibrational energy reflection at the
bottom of the lower solid.45

IV. RESULTS AND DISCUSSIONS

A. Solid friction between flat surfaces

We consider a friction system in which the upper and
lower bodies have a same lattice constant and atomically flat
surfaces, as shown in Fig. 3. The atoms in the upper body are
frozen at their equilibrium positions for simplicity and slide
at 10 m/s. The lower body is modeled by coupled oscillators
consisting of N atomic layers in depth and periodic boundary
condition is applied in the x direction. Owing to the transla-

tion symmetry of the friction system, all the surface atoms
are subjected to the same interaction force, and thus, the
surface atoms move coherently. This is substantially equiva-
lent to the one-dimensional chain model; thus, it allows to
excite only the wave number l=0 mode of the surface pho-
non.

Figure 4 shows the dependence of friction coefficients on
N. In the case of N=1, the friction coefficients are almost
zero. On the other hand, the friction coefficients increase
with N and the values converge to those of infinite N. The
friction coefficients increase with a higher normal pressure in
large N systems. This is because the interaction force we use
does not include an attractive force, and the surface atoms of
the upper and lower bodies bite deeper each other with a
higher normal pressure; this is called the atomistic locking
state.55 It is also seen that over a thousand bulk atoms con-
tribute to the friction coefficients. The result indicates the
importance of including the bulk atoms for the analysis of
the solid friction.

To clarify the role of the bulk atoms, the time variations
of the force on the lower surface atoms are shown in Fig. 5.
In the case of N=1, the force in the x direction is relatively
small as compared to that in the z direction, and that in the x
direction takes a sinusoidal profile with both plus and minus

N

V

x

z

FIG. 3. Schematic image of the friction system between flat
surfaces. The lower body is a coupled-oscillator surface model that
consists of N inner bulk atomic layers. In the upper body, the atomic
bonds are frozen at their equilibrium positions, and they slide at
velocity V. The lattice constants of both bodies are the same.
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FIG. 4. Dependence of friction coefficient on the number of
atomic layers N at a sliding speed of 10 m/s. �, �, �, �, �, and
� indicate friction coefficients for N=1, 100, 300, 1000, 2000, and
�, respectively. The values with N=� are obtained by the SI-DLGF
method.
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FIG. 5. Time histories of force on surface atoms of the lower
bodies. �a� and �b� show the results of N=1 and � surface models,
respectively. Solid and dotted lines indicate forces in the x and z
directions, respectively. Normal pressure is 100 MPa.
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values. On the other hand, in the N=� system, the forces
increase sharply when the surface atoms of both solids come
into contact, and they decay slowly. The force shapes are not
symmetrical and the force in the x direction maintains posi-
tive vales in total; namely, a friction force appears.

The N=1 system, equivalent to a harmonic oscillator, has
one eigenresonance frequency 	 /2=
Ku /m, and the oscilla-
tor resonates with the force component of the frequency. On
the other hand, in terms of the interaction force, the eigen-
frequency is regulated by the sliding velocity V and a lattice
constant � as

�n = 2�nV/� = n�w,

where n=1, . . . ,� and �w=2�V /� that is called “washboard
frequency.” The washboard-frequency component often be-
comes the main term of the interaction force.55 The eigenfre-
quency of the N=1 system is on the order of sound velocity,
whereas �w is on the order of the sliding velocity below
�m /s in general. Thus, the harmonic oscillator does not
resonate with the shear. The surface atoms change their po-
sitions adiabatically in response to changes of the interaction
force. In this manner, the surface atoms experience both
positive and negative friction forces, resulting in near-zero
friction.

In the case of infinite N, on the other hand, the force in the
x direction increases and finite values of the friction coeffi-
cient appear. This can be understood from the friction de-
composition. Figure 6 shows the decomposition with the fre-
quency modes. It is seen that the lowest frequency �w
component shares a large amount with the total friction co-
efficient. The contributions of the higher frequency decrease.
Namely, the surface phonon mode of �w generates the large
energy dissipation of the friction system.

The friction dependence on N can be explained in terms
of the concept of the energy absorption band. As N increases,
the number of the eigenfrequency, � j

D in Sec. II B, increases.
Consequently, as shown in Fig. 2, the energy absorption band
ranging continuously 0��n�	 is formed in the limit of the
infinite N system. The surface can absorb the low frequency
of �w that is the main term of the interaction force, and thus,
the friction occurs. It is also understood that over N�1000
atoms are required for the friction coefficient encompassing

the resonance with �w because the characteristic frequency 	
is larger than �w by three orders of magnitude in the friction
system.

Then, the friction contributions of the vibrations in the x
and z directions, namely, the transverse and longitudinal
wave modes, are shown in Fig. 7. The contribution of the
longitudinal mode occupies a large share of the total friction
coefficient. Because the ratio of the forces in the x and z
directions, namely, friction coefficient, is below 0.25, the ra-
tio of the frequency components of the forces in the x and z
directions would also be of the same order. According to Eq.
�24�, the friction contribution is proportional to the square of
the frequency component of the force. Therefore, the contri-
bution of the longitudinal wave mode becomes large. This
result indicates the importance of the degree of freedom of
the z direction for the analysis of solid friction.

B. Solid friction between periodically contacting surfaces

Here we consider a friction system in which an upper
surface periodically contacts with a flat lower surface, as
shown in Fig. 8. In the unit cell, the lower body consists of
infinite bulk atoms and the surface atoms of N� align along
the x direction. In the upper body, the number of surface
atoms is N� /4 in the unit cell, the intrabonds are frozen at
their equilibrium positions, and the body slides at 10 m/s. To
form the surface morphology, a periodic boundary condition
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FIG. 6. Decomposition of friction coefficient with frequency �n

modes. �w represents washboard frequency. Normal pressure is 100
MPa.

0

0.05

0.1

0.15

0.2

0.25

0 50 100 150 200

Fr
ic
tio
n
co
ef
fic
ie
nt

Normal pressure [Mpa]

FIG. 7. Contributions of longitudinal ��� and transverse ���
wave modes to the total friction coefficient ���.
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FIG. 8. Schematic image of the friction system with periodic
contact areas. The lower body consists of infinitely large inner bulk
atoms and N� surface atoms in a unit cell. The sliding upper body
has N� /4 surface atoms in the unit cell and the atomic bonds are
frozen. The lattice constants of the both bodies are the same. A
periodic boundary condition applies to the unit cell.
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is applied to the unit cell in the x direction. The normal force
per surface atom does not change with the variation of N� at
the same normal pressure because the ratio of the numbers of
upper and lower surface atoms is fixed at 1/4. We assume
that the lattice constants of both the bodies are same. There-
fore, the condition of the contacting area is the same as that
of the former friction system with the exception of the non-
contacting area. Thus, the lower surface atoms are allowed to
vibrate not only in the wave number l=0 mode but also in
the l�0 modes.

From the analysis of the friction system, the influence of
the excitation of the l�0 modes on friction should be clari-
fied. Furthermore, there is another aspect to discuss the fric-
tion system. In actual solid friction, the surface is not com-
pletely flat but there exist many tiny protrusions on it and the
protrusions contact the opposite surface producing friction.2

Namely, because of coexisting real contact points and non
contacting area on the real friction surface, the study of the
friction system here also serves as a basic analysis of the real
contact points.

Figure 9 shows the variations in the friction coefficients
with an increase in N�. In the case of N�=4, the friction
coefficients remain almost unchanged as compared to the
values of the friction between flat surfaces. This can be un-
derstood from the energy absorption band of the surface pho-
non modes. The interaction force has the main term corre-
sponding to the washboard frequency �w and the magnitude
of the term at the higher frequency �n=n�w decreases as n
increases. On the other hand, the wave number l mode takes
an energy absorption band ranging from l

2� ��n /	�2�l
2

+1. The characteristic frequency of the solid 	 is larger than
�w by a factor of one thousand in this friction system. There-
fore, the condition in which the energy absorption band ab-
sorbs the main force component of �w is roughly estimated
by 103��l��N�, where we approximate 
Ku� /Ku�1. Thus, a
large N� is required to absorb the main component of the
interaction force. When N� is much smaller, say, N�=4, l
�0 modes absorb only the higher frequency components of
the force that are negligible amplitudes; and thus the coher-
ent mode, l=0, accounts for the friction coefficient. There-
fore, the N�=4 system has almost the same values as the
system between flat surfaces.

However, with an increase in N�, the friction coefficients
decrease, as shown in Fig. 9. To analyze larger systems with
N�=128, 256, and 512, the friction decompositions with the
wave number l modes are shown in Fig. 10. The plots indi-
cate the friction contributions of l modes, which are defined
by the sum of Eq. �24� over frequencies as

��l� = �
n=1

�

��x,l,�n� + ��z,l,�n� . �25�

Because ��l����−l� due to the symmetry of l, we show the
values in the range of l�0. As N� increases, the friction
contributions of l�0 modes increase, whereas that of the l
=0 mode decreases. This is because the energy absorption
bands of l�0 modes shift to the lower frequency range, and
thus, the absorbed lower frequency components of the inter-
action force increase. The reason for the decrease in the fric-
tion contribution of l=0 is explained as follows. The coher-
ent movements of the surface atoms are impeded by the
enhancement of the l�0 modes. Accordingly, the coherent
components of the interaction force decrease and this leads
to the reduction in the friction contribution of l=0. Although
the friction contributions of l�0 increase, they do not absorb
the main force term of �w and are thus small. On the other
hand, the contribution of l=0 decreases considerably because
it originally shares a large amount of the friction coefficient;
thus, the total friction coefficients decrease as N� becomes
large.

Here we introduce a long-wavelength approximation for
exploring systems with much larger N�. As discussed before,
the wave number l does not absorb less frequency than its
lower frequency edge 	�l� in the energy absorption band. In
addition, the force components of the higher frequencies are
small. Therefore, it is expected that the friction behavior
does not essentially change even if we cut off l modes above
a certain high wave number. Thus, we introduce a cut-off
frequency �c=ncut�w and consider only l modes that absorb
frequencies below the cut-off frequency; namely, only l
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FIG. 9. Dependence of friction coefficient on N�. As a reference
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modes that satisfy 	�l�=2
Ku� /m�sin �l /N����c are calcu-
lated in the simulations. Owing to the approximation, the
calculation is sped up significantly. Figure 11 shows the fric-
tion coefficients obtained by the approximation with the pa-
rameter ncut=20 and Ku�=Kx�. In the case of N�=512, the
friction coefficients with the approximation �white inverted
triangles� are slightly larger than those without the approxi-
mation �black squares�. This is because the inhibition of the
energy dissipation of l=0 is weakened owing to the l�0
modes being cut off. However, the differences between the
values are less than 5%, and thus, the approximation should
be reasonably accurate for the friction system.

By applying the long-wavelength approximation, the fric-
tion coefficients of a much larger N� system are obtained. As
shown in Fig. 11, the values decrease further in the N�
=1024 system �black circles� and they increase suddenly in
the N�=2048 system �white circles�. As N� increases further,
the values increase but at a lesser rate and the profiles be-
come convergent.

In order to analyze the changes in the friction coefficients,
they are decomposed by l modes. Figure 12 shows the pro-

files of ��l� in the cases of N�=1024 and 2048. In N�
=2048, a significant increase in the contributions at �l�=1 is
clearly observed. The analysis of the energy absorption edge
for N�=2048 suggests that this results from the �l�=1 modes
absorbing the main force term of the �w component. In other
wards, channels of the energy dissipation �l�=0 and 1 open,
and consequently, the total friction coefficients suddenly in-
crease. For N��2048, the energy dissipation channels that
absorb the �w component successively open through the
modes �l�=0,1 ,2 , . . ., and thus, the total friction coefficients
increase.

Although the friction coefficients increase with N�, the
values do not diverge but appear to converge. To obtain the
insight into such a large N� system, the profile of ��l� for
N�=16384 is shown in Fig. 13 �white triangles�. The friction
contribution of l=0 is the largest and the value decreases
with fluctuation as �l� increases.

To understand the damped-vibration profile of ��l�, we
consider a simple continuum model. First, the solids in the
friction system shown in Fig. 8 are assumed as continuum
bodies in the limit of large N�; the lengths of the upper and
lower surface are L and ML, respectively, where M indicates
the factor by which the lower surface is larger than the upper
one; M =4 in the being considered system. fu denotes the
applied force distribution of the lower surface in the x and z
directions per unit length. Then, a simple approximation for
fu is used. The lower surface is subjected to a force only in
the contact area and this force is assumed to remain uniform
with position in the contact area; that is, fu�x ,�n�
= fu��n��H�x�−H�L−x��, where H is the Heaviside step
function. Substituting fu�x ,�n� into the continuum limit of
Eq. �11�, we can derive

�Fl�0
u ��n��2 = �Fl=0

u ��n��2�M

�l
sin��l/M��2

, �26�

where �Fl=0
u ��n��2= �Lfu��n��2. Then, because of the large val-

ues of N�, Re sl����Re s0��� according to Eq. �22�. By the
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FIG. 11. Dependence of friction coefficient on N�. �, �, �, �,
and � indicate friction coefficients of N�=512, 1024, 2048, 8192,
and 16 384 obtained by the long-wavelength approximation, respec-
tively. As reference values, the friction coefficients for N�=512
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approximation of the SI-DLGF, substitution of Eq. �26� into
Eq. �24�, and the use of Eq. �25�, the friction decomposition
of the l mode based on the continuum model can be written
as

���l � 0� = ��l = 0��M

�l
sin��l/M��2

. �27�

Using the numerically obtained value of ��l=0� in Eq. �27�,
the approximated ���l� is obtained. ���l� has zero nodes at l
multiples of four corresponding to M =4, and the friction
component is inversely proportional to the square of l. The
values of ���l� are replotted in Fig. 13 �asterisks�. It is seen
that ���l� well describes the profile of ��l�. Thus, the
damped-vibrational behavior of ��l� is attributed to the ratio
of the upper and lower areas and the expansion coefficients
of the force with wave number.

In particular, at �l�=9, we can see that the friction contri-
bution is much larger than the value expected by the con-
tinuum model. From the estimation of the energy absorption
edge, we can see that the transverse wave at �l�=9 absorbs
the �w component at its lower band edge and �l��10 does
not absorb the �w component. As shown in Sec. II E, the real
part of the SI-DLGF has a resonant peak around its lower
frequency band edge. Thus, the transverse phonon mode of
�l�=9 resonates with the interaction force driven by the shear
and the energy dissipation due to the resonated mode is en-
hanced. As a result, the friction contribution is slightly larger
than that obtained by the continuum model. To verify it, we
performed a calculation for a system with N�=32768 �not
shown here�, and confirmed that the friction contribution of
�l�=9 is much closer to the value expected by the continuum
model because, in turn, the resonant peak is assigned at �l�
=18.

Next, the applied force distribution on the lower surface
atoms is considered. Figure 14 shows the distribution of the
force in the z direction for the N�=256 system. The force is
averaged over the time it takes the upper body to slide in one
period of the lattice constant. This force has a large ampli-

tude around the edge of the contact area and it decreases as
being closer to the center of the area. According to the clas-
sical theory of elastic contact, in two-dimensional contact,
when a rigid stamp with a flat bottom is pressed on an infi-
nitely large elastic body, the normal force distribution is
given by3

F�x� =
f̄ zL

�
�L/2�2 − x2
, �28�

where f̄ z denotes the averaged normal force in the z direc-
tions per unit length. There is no arbitrary fitting parameter
in Eq. �28�. The force distribution is replotted in Fig. 14. It
exhibits good agreement with that obtained by our method
although there is a small deviation because of the asymmetry
in the x direction due to the sliding effect. In Fig. 13, the
profile of ��l� has peaks at slightly lower wave numbers than
these expected by the simple continuum model and the fric-
tion contribution is not completely zero at l multiples of four.
In the continuum model, to derive ���l�, we assumed unifor-
mity of the contact force, although the actual force has the
local distribution shown in Fig. 14. This accounts for the fact
that the profile of ��l� shifts to a lower wave number range
and the values are not completely zero at the nodes. It is
expected that if the local distribution of the force is included
in the continuum model, a more accurate value of ���l�
would be obtained.

We note an interesting point through these results. Unless
the order of N� is around 104, ��l� does not exhibit good
agreement with ���l�. Furthermore, as shown in Sec. IV A,
the number of bulk layers required for solid friction is on the
order of 103. Thus, our friction analysis includes tens of mil-
lions of atoms in total to obtain the friction property in the
continuum limit. On the other hand, the force distribution of
the contact area shows good agreement with that obtained by
the classical theory of elastic contact for N� of the order of a
few hundreds. In addition, a molecular dynamics simulation
showed that the force distribution agrees with the theory of
elastic contact from the calculation of tens of thousands of
atoms for such a two-dimensional contact between atomic-
scale flat bodies.19 This suggests that for a macroscopic sys-
tem in which the continuum limit is effective, much larger
atomistic degrees of freedom are required for the kinetic
solid friction as compared to a static physical quantity such
as force. Such a requirement of a large number of degrees of
freedom might be one of the difficulties that have impeded
the construction of a macroscopic approach for the solid fric-
tion starting from the atomistic theory.

Finally, we present overviews of the friction decomposi-
tions of the N�=16384 system mapped in the �l ,�n� space
for the transverse and longitudinal waves in Figs. 15�a� and
15�b�, respectively. It is globally seen that from the main
term of �l=0,�w�, the friction contribution decreases with an
higher frequency and it behaves as a damped vibration. Spe-
cifically, the transverse �l=9,�w� mode provides a relatively
large contribution of the friction owing to the resonance of
the surface phonon. Similarly, although the contribution of
the longitudinal �l=12,�w� mode corresponds to the zero
node expected by the continuum model we used, it has a
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FIG. 14. Distribution of time-averaged force in the z direction
on the lower surface atoms. The force is averaged over the time
required by the upper body to slide one period of the lattice. Plots
are those for N�=256 and the dashed line indicates the force distri-
bution calculated by the theory of elastic contact. � represents the
lattice constant and normal pressure is 100 MPa.
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large value owing to the resonance not to be the node. It can
also be seen that the contributions of the longitudinal modes
are larger than those of the transverse modes. In fact, the
contributions of the longitudinal modes share approximately
70% of the total friction coefficient, and thus, the importance
of the z degree of freedom is also confirmed in the friction
system. As seen from the above results, the friction decom-
position with surface phonon modes would be an effective
tool for the analysis of solid friction, revealing a relationship
between the dynamic process of surface atoms and energy
dissipation.

V. SUMMARY AND CONCLUSION

In summary, we have developed the SI-DLGF method to
incorporate the mechanism of energy dissipation due to pho-
non. The actual value of the SI-DLGF can be obtained by
combining the analytically derived asymptotic solution of the
SI-DLGF and the numerically obtained one based on the
integral expression. A scheme to achieve a steady state in the
friction systems is also presented. Using the analyticity of
the SI-DLGF, we introduced a fast convolution method that
significantly accelerates computation speed of the method.
Focusing on energy dissipation rate, we presented the de-
composition of the friction coefficient with surface phonon
modes. It was also found that wave number l mode has an
energy absorption band and the mode can absorb energy
through the force term of frequencies only within the band.

These methods were demonstrated using simple friction
systems between two-dimensional solids having identical lat-
tice constants. One is the friction between atomically flat
surfaces and the other is the friction between periodically
contacting surfaces. The main results are listed in below: �a�
energy dissipation occurs due to the excitation of surface

phonons in the presence of bulk atoms. The surface phonon
absorbs the main force term at the lowest frequency, i.e.,
washboard frequency �w. �b� Friction coefficient depends on
size of the contact area. �c� When l�0 modes do not absorb
the force term of �w, the friction coefficient decreases. The
l�0 modes absorb faint force terms of frequencies higher
than �w, and the l�0 modes perturb the excitation of the l
=0 mode that originally causes large energy dissipation. �d�
When the contact size is so large that a sufficient number of
l�0 modes absorb the �w term, the friction coefficient in-
creases. The profile of the friction decomposition with l
modes exhibits good agreement with that estimated by a
simple continuum model.

It is important to stress here that the values of friction
coefficients in this paper were obtained in the commensurate
systems. Friction generally occurs between incommensurate
surfaces, and it is known that direct excitations of surface
phonons by collision of surface atoms, namely, elastic insta-
bility, would be small.51,52 Therefore, the simplicity we used
does not allow to make prediction of actual experiments of
friction that involves the interface phenomena such as plastic
deformation, adhesion and wear.21–24 Nevertheless, the virtue
of the SI-DLGF method lies on its potential to depict dy-
namical response of solid surface and, equivalently, energy
dissipation due to phonon. By this method combined with
ordinal MD method, one might capture some important fea-
tures of actual friction including heat transfer by phonon
correctly. In addition, besides friction analysis, this method
could be used to study dynamical contact mechanics such as
effect of shear stress and surface deformation when the as-
perities collide, that cannot be treated by the static LGF
approach.12,42

We comment on extensions of the SI-DLGF method. We
treated two-dimensional coupled oscillators in which the
structure is restricted to a square one, the intra-atomic bonds
are replaced with springs connected to only the nearest
neighbors and they are set at zero Kelvin. It can be readily
extended to the three-dimensional structure through the
analogous procedure. The introduction of a finite temperature
has already been promised by the Adelman and Doll’s33,34

works within the framework of the generalized Langevin
equation.35,36 The extensions of a general structure and be-
yond the nearest-neighbor bond remain difficult at this stage.
We feel that combining the asymptotic solution of our SI-
DLGF with some numerical methods37–41 might enable such
extensions.

In this work, ten million order of atoms were treated sub-
stantially for the analysis of the solid friction. This is a great
advantage of the SI-DLGF method because if one study such
a large-scale system by an ordinary MD simulation, it may
be laborious to obtain only one value of the friction coeffi-
cient even by using latest high-performance computers. In
addition, it should be noted that a simple continuum-solid
model could explain the friction decomposition with l modes
in the large-scale system, although the actual value of the
friction coefficient cannot be expected yet. This fact possibly
helps to approach a macroscopic theory of solid friction
starting from a microscopic approach.

The SI-DLGF method and the friction decomposition
with surface phonon modes provide clear information about
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FIG. 15. Decomposition of friction coefficient with �u , l ,�n�
modes. �a� and �b� show the contributions of transverse and longi-
tudinal modes to the friction coefficient for N�=16 384, respec-
tively. Normal pressure is 100 MPa.
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the relationship between surface phonons and solid friction.
From a different viewpoint, it appears to capture solid fric-
tion using the terminology of solid-states physics. Actually,
the concepts of the decomposition with modes and the en-
ergy absorption band are commonly used such as electronic
band structure, optical spectrum, and vibration spectrum.56,57

These have greatly contributed to the development of fields
such as electronic devices and surface science. In solid fric-
tion, these concepts have yet been adequately developed. We
hope that the generalization of the SI-DLGF and the friction
decomposition methods and the basic knowledge yielded by
them will assist further developments of friction-control
techniques.
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APPENDIX A: ASYMPTOTIC SOLUTION OF SI-DLGF

After the Taylor expansion with t and performing the 

integral of Eq. �7�, we obtain

sl�t� = �
n=0

�
�− 1�n

�2n�!
�	t�2n�

m=0

n

nCm
2m!

m!�m + 1�!22ml
2�n−m�,

where nCm indicates the number of combinations and it is
defined as nCm=n ! /m ! �n−m�! Changing the index k=n
−m and the order of the sum, we can decompose sl as

sl�t� = �
k=0

�

sl
k�t� , �A1�

sl
k�t� =

4k

k!
l

2k�
n=k

�
�− 1�nn!�2�n − k��!

2n!��n − k�!�2�n − k + 1�!
y2n,

where y=	t /2. Then, sl
k is expressed with n�=n−k as

sl
k�t� =

�− 2�k

k!
l

2k �
n�=0

�
�− 1�n�

n�!�n� + 1�!
�

�2n� − 1�!!
�2n� + 2k − 1�!!

y2�n�+k�,

where we denote n� ! !=n��n�−2�¯3·1 in the case of odd n�
and n� ! !=n��n�−2�¯4·2 in the case of even n�. Consider-
ing the forms of sl

k and sl
k−1, it is found that they satisfy the

recurrence equation as

sl
k�t� =

− 2

k
l

2y
0

y

sl
k−1�t�dy . �A2�

Thus, sl
k can be obtained by the recursive substitution of sl

k−1

in Eq. �A2�. The first term sl
0 does not depend on l and is

equivalent to s0; it can be expressed using the integral for-
mula of the Bessel function as

s0�t� = J1�2y�/y .

sl�0 can be derived if we perform the sum in Eq. �A1�. How-
ever, we could not perform the sum over infinite k. Thus, we
focus on the large t region. sl

1 is written as

sl
1�t� = − 2l

2y
0

y

dyJ1�2y�/y .

When y is sufficiently large, �0
ydyJ1�2y� /y→1, and thus, the

asymptotic solution s̃l
1=−2l

2y. Using Eq. �A2�, we obtain

s̃l
k�t� = 2l

�− 1�k

k!�k − 1�!
�ly�2k−1.

Therefore, the asymptotic solution of sl can be obtained as

s̃l�t� = s0�t� + �
k=1

�

s̃l
k�t� = s0�t� − 2lJ1�	lt� ,

where the integral formula of the Bessel function was used
again. Furthermore, the first term s0 decays as t−3/2; on the
other hand, the second term slowly decays as t−1/2. Thus, we
can omit the first term as the asymptotic solution and derive

s̃l�t� = − 2lJ1�	lt� .

APPENDIX B: FOURIER TRANSFORMED SI-DLGF

By substituting Eq. �7� and performing the time integral,
Eq. �21� can be written as

sl��� =
4i�

�	2
l


l
2+1
1 + l

2 − X2

X2 − l
2

X

X2 − ��/	�2dX ,

where X2=
sin2 
+l
2. Then, changing the variable Y

=
�1+l
2−X2� / �X2−l

2� and Al=1+ �l
2− �� /	�2�−1, the in-

tegral can be expressed as

sl��� = −
4i�

�	2
0

� � 1

Y2 + 1
−

Al

Y2 + Al
�dY .

Here we use an integral formula �0
��Y2+Al�−1=� / �2
Al� and

obtain

sl��� =
2�

	2 �
 1

��/	�2 − l
2 − 1 − i� .

APPENDIX C: FINITE-SLAB SURFACE MODEL

In a finite slab model that consists of N atomic layers, an
energy damping term has to be set in the motion equation
because it becomes an energy-conserving system without
damping. The purpose of this appendix is to derive a suitable
damping term so as to reproduce the energy dissipation of
the vibration wave generated by sliding. As a reference sys-
tem, we consider the one-dimensional chain system in which
the surface atom is distorted initially.

ü� +
Ku

m �2u� − �
��

u�+�� − ��,1u1
0� = 0, �C1�

u�
0�t = 0� = X��,1, u̇�

0�t = 0� = 0.

The motion of equation can be solved by a procedure similar
to that shown in Sec. II C.
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u��t� =
2X

2N + 1�
j=1

N

�cos���2j − 1��/�2N + 1�	

+ cos���2j − 1��� − 1�/�2N + 1�	�cos � j
Dt .

In the limit of N→�, the position of the surface atom
��=1� is written as

u1�t� =
2X

	t

J1�	t� . �C2�

Then, we determine the damping term relative to the in-
finite N solution. We assume that the damping term is pro-
portional to the atomic velocity. Owing to the dimension
analysis of Eq. �C1�, the damping term should be C�


Kumu̇�,
where C� is a dimensionless parameter. We choose C�

=C / �N+1−�� and C=1.0. The damping term we use is cho-
sen to increase as deeper bulk atoms. We have confirmed that
this prevents a reflected wave rather than simply using a
constant damping term.

Figure 16 shows the surface positions obtained by the
numerical calculation of the motion equation including the
damping term and the infinite N solution of Eq. �C2�. As
shown in Fig. 16�a�, in the case of N=40, the damping pro-
file of the surface atom is very close to that of the infinite N
system. On the other hand, in the case of N=1, the damping
profile differs considerably from that of the infinite N sys-
tem; although we tried several values of C, the results did not

change greatly. Figure 16�b� shows the profiles at a time
when a vibration wave that results from the initially given
displacement of the surface returns to the surface. While the
profile without the damping term recovers its amplitude that
with the damping term suppresses the reflected wave as in
the case of the infinite-N profile. These results indicate that
the damping term we chose is expected to mimic the energy
dissipation due to phonon well.
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